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Abstract. Let ii" C N and T{K) is a set of trigonometric polynomials 
T{x) = To + ^ Tk cos{2-Kkx), H > 1, 

keK, k<H 
T{x) > for all x and r(0) = 1. 

Suppose that < h < 1/2 and K(h) is the class of functions 

f{x) = an cos(27rna;) 

ri = 

satisfying the following conditions: a„ > for all n, /(O) = 1 and f(x) = 
for h <\x\< 1/2. 

We consider an relation between extremum problem 

S(K) = inf To 
TeT(if) 

and Turan extremum problem 

rh 

A{h) = sup ao = sup / /(a;) dx 

fSK{h) feK(h)J~h 
oo 

for rational numbers h = p/q and set /f = (J {qv + p, . . . , qu + q — p}. 

i/=0 

The problem S(K) is connection with van der Korput sets. Van der Korput 
sets study in analytic number theory. 



In number theory following question is important (see U, we use results of 
Chapter 2): is given set of numbers 

uniformly distributed? 

To date several methods are known for solving this problem pp. One way was 
given by J.G. van der Corput. This method consists in research of sequence 

{Un+k - Unj^^i, 

where k runs over some set K of natural numbers. 

Definition ([T]). A set X C N is called a van der Corput set if the sequence 
is uniformly distributed (mod 1) whenever the differenced sequence 

{'U'n+k ^ '^n}n=l 

is uniformly distributed (mod 1) for all k Cz K . 
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Set of natural numbers iiT = N is a van der Corput set. It was proved by van 
der Corput p. 

In [1], criterion was given for determining whether a set X C N is a van der 
Corput set. It is founded on folfowing extremum problem for positive trigonometric 
polynomials. 

Problem 1. Let T{K) be a set of trigonometric polynomials T{x) such as following 
conditions are satisfied: 

1) T{x) = Tq+ Tk cos{2iikx), H >1; 

keK 
k<H 

2) T{x) > Va; e R; 

3) r(o) = 1. 

One needs to find value 

5{K) = inf To. 

Theorem (|P). A set K gN is a van der Corput set if and only if 

5{K) = 0. 

From this it follows that i5(N) = (van der Cortup's result) and 5{K) > for 
any finite set K. Therefore a van der Corput set is not finite. 

Exact value oi5{K) is known in few cases. Now, two examples of exact values p. 

Example 1. Suppose g e N, g > 2, 

^0 - {1, 2, . . . , g - 1}, K^ = ql.+ +Kl^{k^n:q\ k}, 

here gZ+ K ^ {qv + k : v e Z+, k e K}. Then 

q 

Thus this set Kg is not a van der Corput set. 

Example 2. <5({2, 3}) - cos(V5) ^ q^^j^I . . . 

1 + cos(7r/5) 

Many properties are established for value 6{K) in Now, some of them (here 
K,Ki,K2 CN, q e N): 

1) if Ki c K2, then S{Ki) > 5{K2); 

2) S{qK) = S{K), where qK = {qk : k e K}; 

3) 6{K'^''^) < qS{K), where if^?) = {k e K : q \ k} (if set is empty, then 
S{K) > l/q); 

4) S{Ki)S{K2) < 5{KiUK2). 

These properties show that it is desirable to know value S{K) for given set K even 
if S{K) 7^ 0. Examples from jpj: set Q = {v^ + and set of prime numbers P 

are not van der Corput sets, since Q C K^, F C K4 and S{Q) > 1/3, S{¥) > 1/4. 

There exists a relation between extremum problem d{K) and Turan extremum 
problem A{h) 2j for rational numbers h = p/q. 

Turan's problem (PJ). Suppose that < h < 1/2 and K{h) is the class of 
continuous 1-periodic even functions f{x) satisfying the following conditions: 
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1) f{x) = J2 a„ cos(27ma;); 

2) a„ > for all n = 0,1,2, .. .; 

3) /(o) = E «n = 1; 

4) f{x) = for < |a;| < 1/2. 

It is required to evaluate the quantity 

A{h) — sup oq = sup / f{x) dx. 



feKih) feK{h)J-h 

Let p, q e n, 2p < q, {p,q) = 1. In 1972 S.B. Stechkin (see solved the 

problem for p = 1, q = 2, 3, . . . {A{l/q) — l/q). In the value of A{h) was 
calculated for p = 2, 3 and q ^ 2p + 1. 

Consider sets 

Klg^{p,p+l,...,q~ p}, Kp^g = qZ+ + Klg. 
Theorem 1. For p — 1, q — 2,3, . . . 

S{Kl^)=S{K,.,)^A(l/q) = -^. 

For p = 2, 5 = 3,5,... 

x^R-o ^ ^ Afo/ \ 1 + cos(7r/g) 

0(^2,9) = S(K2,q) = A{2 q) = r~rr- 

qcos[TT/q) 

Forp = 3, 9 = 7,8,10,11,... 

xfi^o xfr^ N 4.0/ X , 1 - 2(cos(27rro/g) +cos(27r(ro + l)/g)) ^^ 

SiK,,) = SiK,^,) = A(3/g) = - (1 + i + 2cos(2..o/g)cos(24ro + l)/g) ^ ' 

where rg — [q/3] is an integer part of q/3. 
For q ^ 2p+ 1, p = 1,2, . . . 

Since K^^ = K°, Ki,q = /sT^, iC^g = {2,3} and 



g' 5cos(7r/5) l + cos(7r/5)' 

then by theorem Q so that we get examples ^ and El 

Proof of theorem^ in the case p — 3. Let f{x) be arbitrary function of class 
K{p/q), and let T'^^ G T{Kp^q) be polynomial such that 

tI,'^ <6{Kp,,)+e, (1) 

where e > is a little number. Since tI^^ = for fc e N \ Kp^q, f{k/q) = for 
k = qiy + k' {v ^ Z+, k' = p, . . . ,q — p), i.e. for k G -K'p.q (by definition of set Kp^q), 
it follows that 

C50 00 

^0^'^= E /(fc/'Z) = E«" E c(nfc/9) = E«"^^'^(^^/9)- 

fee-R'p,5U{0} n=0 fc6i<'p,<,U{0} n=0 

fe<degT<^' fc<degr<^' 
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Hence by nonnegativeness of a„ Vn G N and T'-^^x) Vx S M, by equality T'^'^^O) — 1 
and inequality so that 

flo < S{Kp^q) +e. 

Since this inequality is established for arbitrary function / e K{p/q), it follows 
that 

sup flo = A{p/q) < 5{Kp_q) + £. 

Hence we obtain lower estimate for value S{Kp^q) as £ — > 0: 

Aip/q) < 5{Kp,q). 

Let us show that 5{Kp q) < A{p/q) for p = 3, q = 7, 8, 10, 11, . . . Suppose 
r(j^) = 70 + 71 cos(27rroi^/g) + 72 cos(27r(ro + l)i'/q), tq = [g/3], e Z, 
where the coefficients 7i choose from the equations 

{70 + 71 + 72 = 1, 
70 + 71 cos(27rro/g) + 72 cos(27r(ro + l)/q) = 0, 
70 + 71 cos(47rro/g) + 72 cos(47r(ro + l)/q) = 0. 
In prove that 7^ > 0, i = 0, 1, 2, and 

— = A(3/g). (2) 
970 



Let F{x) — Fq{x) is Fejer's polynomial 

Fix)^y^ cos(27r..) = ifl + 2yfl-^) cos(2..x)') = f'MlL^)\ 
Consider polynomial T* (x) 

T*ix) = Fix) + ^ [Fix + ro/q) + F{x - ro/q)) + 

+ ^ (Fix + (ro + l)/q) + Fix - (ro + l)/q)) = 
270 

9-1 

= y 7o"^-F'iy(7o + 71 cos(27rroJ^/g) + 72 cos(27r(ro + l)t^/g)) cos(27rj/.x) = 

9-1 

nvx). (3) 

The polynomial T*{x) satisfies conditions l)-3) of set TiK^q). 

Since T{v) ^V{q - v) = Q a.s v = I, 2, r(0) = 1, Fq = l/q, it follows that 



1 '"^ 

r*(2;) = — + y 7o~^r(zy)F^ cos(27ri/a;) = Tq* + ^ T^T cos(27ri/x). 



Therefore the polynomial T*{x) satisfies condition 1) of set TlK^q). 

All coefficients 7^ > and A(3/g) = (<Z7o)^^ ©■ Hence, by positiveness of 
polynomial F{x) and definition of polynomial T*{x) (El, so that T*(x) > Vx £ M. 
The condition 2) is satisfied. 
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Now we verify the condition 3). We have 

r*(0) - ^^(0) + ^ F(ro/g) + ^ F((ro + l)/q). 
70 70 

However F{v /q) = for = 1, 2, . . . , g — 1, and points ro, + 1 arc integers from 
an interval (0, q/2). Therefore F{ro/q) = F{{rQ + l)/q) = and 

r*(0) = F(0) = 1. 

Thus T*{x) belongs to set T{Kl^) and 

Hence upper estimate is 5{K^g) < Tg* = (qjo)^^ = 

Finally using K^^^ C Kp^q and property 1) of S{K), we get estimates 

A{p/q) < 5{Kp^,) < 5{Klq) < A{p/q), 

ml,) = S{Kp,,) = A{p/q). 
Polynomial T*{x) belongs to set T{K^q) and belongs to set T(Kp^q) D T{K°q). 
It is extremal polynomial. This completes the proof of theorem. □ 
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